We have determined all Nambu tensors (Nambu structures) of order four and three on four dimensional real Lie groups. In addition, we have considered as an example a system related to the Nambu structure on Lie group A 0 4,9 as a phase space.
Introduction
In 1973 Nambu [1] studied a dynamical system which was defined as a Hamiltonian system with respect to a generalization of Poisson bracket (Poisson-like bracket), defined by a Jacobian determinant. Some years (about two decades) later Takhtajan [2] introduced the concept of Nambu-Poisson (or simply Nambu) structure using an axiomatic formulation for n-bracket and gave the basic properties of this operation and also geometric formulations of Nambu manifolds. This new approach motivated a series of paper about some new concepts (note that there are another generalization so-called generalized Poisson bracket [3] [4]; a comparision of both concepts was given in [5] [6] ).
Nambu manifold is a C ∞ manifold endowed with Nambu tensor (a skew-symmetric contravariant tensor field on a manifold such that the induced bracket operation satisfies the fundamental identity, which is generalization of the usual Jacobi identity) [7] - [11] . In [12] and [13] the concept of Nambu Lie group was presented. In [13] Vaisman extended Nambu brackets to 1-forms and by generalizing the Poisson-Lie case, he defined Nambu-Lie groups as the Lie groups which were endowed with a multiplicative Nambu structure.The decomposibility of Nambu structures for Lie groups and also the correspondence between the set of left invariant Nambu tensors of order n on m dimensional Lie groups G with set of n dimensional Lie subalgebras of g (Lie algebra of G) were proven in [14] by Nakanishi. He also determined the multiplicative Nambu structures on three dimensional real Lie groups in [15] . In this way, we determine the multiplicative Nambu structure of order four and three on four dimensional real Lie groups. The outline of the paper are as follows: In section two, for selfcontianing of the paper we review some definitions and theorems. Then, in section three, by means of the method applied in [15] we determine the multiplicative Nambu strutures of order four and three on the real four dimensional Lie groups. Finally, in section four, by the use of the Nambu structure of order four on Lie group A 0 4,9 , we give a physical application.
Basic definitions and theorems
For self containing of the paper let us recall some basic definitions and theorems about Nambu structure ( [12] [15]). Let G be an m dimensional Lie group with Lie algebra g. Denote Γ(Λ n T G) as the set of antisymmetric n-vector fields (contravariant tensors) on G. Then for each η ∈ Γ(Λ n T G) one can define an n-bracket of the functions {f 1 , ..., f n } = η(df 1 , ..., df n ), f i ∈ F (G).
Furthermore, since the bracket satisfies Leibniz rule, one can define a vector field X f1,...,fn−1 by
where this vector field is called Hamiltonian vector field; the space of Hamiltonian vector field is denoted by H.
is called a Nambu tensor of order n if it satisfies L X f 1 ,...,f n−1 η = 0, ∀X f1,...,fn−1 ∈ H with h i ∈ F (G); where L stands for Lie derivative.
is said to be a multiplicative tensor if ∀g 1 , g 2 ∈ G, we have
where R g2 and L g1 are right and left translations in G respectively.
A Lie group G endowed with a multiplicative Nambu tensor η is called Nambu-Lie group [2] .
Theorem 1: [13] Let G be an m-dimensional Lie group, and Let h be an n-dimensional Lie subalgebra of g with n ≥ 3, for a basis {X 1 , ..., X n } of h , put η = X 1 ∧ ... ∧ X n . Then η is left invariant Nambu tensor of order n on G. Conversely, given a left invariant Nambu tensor
.., X n } is a Lie subalgebra of g.
Corollary: [13] There is a one to one correspondence up to a constant multiple between the set of left invariant Nambu tensors of order n on G and the set of n-dimensional Lie subalgebras of g.
Notice that for a Nambu tensor η of order n ≥ 3, if f is a smooth function, then f η is again a Nambu tensor [11] . Theorem 2: [10] Let (G, η) be an n-dimensional compact or semisimple Nambu-Lie group, and let η be of top order, then η = 0.
The following theorem gives one of the characterizations of Nambu-Lie groups, which was proved by Vaisman [13] . Theorem 3: [13] If G connected Lie group endowed with a Nambu tensor η which vanishes at the unite e of G, then (G, η) is a Nambu-Lie group if and only if the n-bracket of any n left (right) invariant 1-forms of G is a left (right) invariant 1-form.
Using the above theorem one can characterize a multiplicative tensor η of top order. Let g be a Lie algebra of G with basis X 1 , · · · , X n . It is clear that the left invariant vector fields can be considered as basis for g, we denote these left invariant vector fields by the same letters X i . Since η is of top order, η has an expression η = f X 1 ∧ · · · ∧ X n for some f ∈ F (G). According to these notations we have:
be a tensor of top order on G (such a tensor is always a Nambu tensor). Then η is multiplicative if and only if f (e) = 0 and
where C n ij is structure constant of g with respect to the basis X 1 , ..., X n , and q i (i = 1, ..., n) are some constants.
In [15] using the above theorem the Nambu structure of three order for the three dimensional real Lie groups were obtained. Similarly, we determine Nambu structure of order four (top order) for four dimensional real Lie groups; and also by the use of the theorem 1, we calculate Nambu structure of order three for these Lie groups.
3 Nambu structures on four dimensional real Lie groups
In this section, by means of the theorems 1 and 4, we calculate Nambu structures of order four and three on four dimensional real Lie groups. Note that we use the Petra and et al's classification [16] for four dimensional Lie algebras and their subalgebras. We denote by g the four-dimensional real Lie algebra, corresponding to the simply connected Lie group G; and also the left invariant vector fields are denoted by X 1 , X 2 , X 3 , X 4 . To calculate these vector fields, we need to determine the left invariant 1-forms, where already in [17] these calculations were performed. Here we use those results for obtaining the left invariant vector fields. In general, for a Lie group G with Lie algebra g with basis {T i } the left invariant one forms can be determined as follows:
Then for left invariant vector field we have:
, where e i µ is inverse of e i µ that has already been obtained in [17] ; so one can calculate the left invariant vector fields. The results are written in table 1: Now for calculating the Nambu structure η ∈ Γ(Λ 4 T G) one can write it as η = f X 1 ∧ X 2 ∧ X 3 ∧ X 4 , and for η ∈ Γ(Λ 3 T G) it can be as η = f X 1 ∧ X 2 ∧ X 3 , such that f ∈ C ∞ . Now using the theorem 4, we calculate the Nambu structure of order four on four dimensional real Lie groups and also by the use of the theorems 1 and 4, we obtain the Nambu structure of order three on real four dimensional Lie groups. Before listing the results, for presentation of the method, let us apply this method on the Lie algebra A 4,8 as an example. This is a Lie algebra which is isomorphic to Heisenberg algebra A 4,8 , and we have the following commutative relations for it [16] :
The left invariant vector fields for this Lie algebra are obtained as 4 . such that these vector fields satisfy the commutation relations (5) . From the theorem 4, a function f (x 1 , x 2 , x 3 , x 4 ) must satisfy f (0, 0, 0, 0) = 0 and
where q i are some constants. In this way one can obtain as a solution of (6) f = q 4 x 4 , and
which gives a Nambu-Lie structure of order four on the corresponding Lie group G.
In the same way, for three dimensional Lie subalgebras of A 4,8 we have the following left invariant vector fields:
so we have
for Nambu -Lie structures of order 3 on G.
In this way, we determine all Nambu structures of order four and three on four dimensional real Lie groups. The results are listed in table I and II : 
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